Abstract. We give a complete characterization of those closed orientable 4-manifolds which admit smooth maps into R 3 with only fold singularities. We also clarify the relationship between the existence problem of fold maps and that of linearly independent vector fields on manifolds.
Introduction
Given a smooth map f : M → N between smooth manifolds M and N without boundary with n = dim M and p = dim N , the following problem has been very important in differential topology: does there exist an immersion (for the case n < p) or a submersion (for the case n ≥ p) of M into N homotopic to f ? This problem is equivalent to finding a non-singular map in the homotopy class of a given map. In the literature, the target manifold N is often taken to be the Euclidean space R p . For the immersion problem, this causes no problem: however, for the submersion problem, it does, since no compact manifold of dimension n admits a submersion into R p for 1 ≤ p ≤ n. This observation leads us to consider smooth maps with as simplest singularities as possible instead of submersions, for the case n ≥ p.
A singular point q ∈ M of a smooth map f : M → N is of fold type if f can be written in the form (x 1 , . . . , x n ) → (x 1 , . . . , x p−1 , ±x 2 p ± · · · ± x 2 n ) for some local coordinates around q and f (q). A smooth map f is a fold map 1 if all its singularities are of fold type. Singularities of fold type are the simplest among all generic singularities, so it is reasonable to consider fold maps instead of submersions when
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1 In [13] , it is called a submersion with folds.
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O. Saeki CMH the source manifold M is compact and the target manifold N is the p-dimensional Euclidean space R p with p ≤ n = dim M . As far as the author knows, the existence problem of fold maps goes back to Thom [39] , who tried to generalize the theory of Morse functions to generic maps into the Euclidean spaces. Unfortunately, there have been very few studies on the existence problem of fold maps since Thom. Levine [20] has studied generic maps into R 2 and has shown that a smooth closed manifold M with dim M ≥ 2 admits a fold map into R 2 if and only if its Euler characteristic is even.Èliasberg [10, 11] has systematically studied the existence problem of fold maps and obtained a socalled homotopy principle (in the existence level) for fold maps: i.e., any formal solution (in the 1-jet level) gives a genuine solution up to homotopy. However, his result was given in terms of (p − 1)-dimensional submanifolds, and he did not give a characterization of manifolds admitting fold maps except for some special cases.
In [26] , the author has shown that no 4-manifold M that has the integral homology of CP 2 admits a fold map into R 3 , by using Sakuma's modulo four formula [35] , which is a consequence of Rohlin's result [25, 14] peculiar to 4-dimensions. Such a phenomenon was not expected in view ofÈliasberg's result and turned our attention to the problem again.
Recently, Ando [6] has obtained a very important result, which asserts that if there exists a fiberwise epimorphism T M ⊕ ε 1 → ε p , then M admits a fold map into R p , where T M and ε k denote the tangent bundle of M and the trivial k-plane bundle over M respectively. When n − p + 1 is odd, the converse had already been known (for example, see [26] ), so this gives a reasonable answer to the problem for half the cases.
In this paper, we consider the existence problem of fold maps for the case (n, p) = (4, 3), which is the first non-trivial case with n − p + 1 being even. Our main result is the following complete answer to the problem. ( maps is closely related to the (stable) vector field problem. In this paper, we also discuss their relationship. The paper is organized as follows. In §2, we recall some basic properties of fold maps together withÈliasberg's result [11] , which plays a central role in this paper. In §3, we prove that the existence of certain embedded surfaces is equivalent to the existence of fold maps on 4-manifolds, by usingÈliasberg's result. In §4, we study the existence of such embedded surfaces and complete the proof of our main theorem. In §5, we discuss the relationship between the fold map problem and the vector field problem.
Throughout the paper, all manifolds and maps are differentiable of class C ∞ . For a space X, id X will denote the identity map of X.
The author would like to express his sincere gratitude to Kazuhiro Sakuma, YakovÈliasberg, András Szűcs, Peter Zvengrowski, and Julius Korbaš for stimulating discussions and invaluable comments.
Preliminaries
Let f : M → N be a smooth map between smooth manifolds with n = dim M ≥ dim N = p. A singular point of f is a point q ∈ M such that rank df q < p. The set of all singular points of f will be denoted by S(f ), which is called the singular set of f . A singular point q ∈ M is of fold type if there exist local coordinates (x 1 , x 2 , . . . , x n ) and (y 1 , y 2 , . . . , y p ) around q ∈ M and f (q) ∈ N respectively such that M , that f |S λ (f ) is an immersion, and that we have the decomposition
(for details, see [20, 12] ). For example, when p = n − 1, we have exactly two possibilities for the reduced index λ; namely, λ = 0 or 1. In particular, when (n, p) = (4, 3), for a fold map 
formed by the smooth maps f : M → N with S λ (f ) = V λ (resp. by the homomorphisms Φ :
We have the natural map
The following theorem has been proved bỳ Eliasberg [11] and will play an essential role in this paper. 
is surjective. 
can be regarded as a formal solution to this problem. Then the above theorem asserts that any formal solution gives us a real solution up to homotopy, provided that all the indices appear. This last condition is essential. For example, the 4-dimensional torus T 4 is parallelizable, so that it admits a formal solution for some 2-dimensional submanifold V 0 , where N = R 3 . However, T 4 does not admit a fold map into R 3 without indefinite folds (see [31, 33] ).
Fold maps and embedded surfaces
In this section, we characterize those surfaces embedded in a 4-manifold such that the corresponding spaces of formal solutions are non-empty.
In the following, χ will denote the Euler characteristic. The purpose of this section is to prove the following. 
The embedded surface F is characteristic; i.e., the Z/2Z-homology class [12] , (1) follows (see also [28] ). Furthermore, (2) follows from Thom [39] . Item (3) follows from the fact that the normal bundle of the immersion f |S 0 (f ) is always trivial (see, for example, [26] ). Item (4) follows from [26, Corollary 2.7] . Finally, (5) follows from [24] . In fact, (5) follows also from the argument below (for details, see Remark 3.6).
Suppose, conversely, that an embedded surface F = F 0 ∪ F 1 satisfying the above properties (1)- (4) is given. Note that, for the moment, we do not assume condition (5) .
Let
2 +y 2 on each fiber, we obtain a fold map ϕ 0 :
∪· · ·∪F 1 be the decomposition into the connected components of F 1 . Note that N (F 1 ) decomposes into the union of the tubular neighborhoods
be the twisted I-bundle over F 
×I is an orientable 3-manifold and so is parallelizable.
Thus, we have constructed a fold map
, and hence a homomorphism T N(F ) → T R 3 . In order to use Theorem 2.2, we would like to extend this homomorphism through T M so that it is non-singular on the complement of N (F ).
Note that
is a submersion. Hence, we have the nowhere vanishing vector fields ξ 0 , ξ 1 , ξ 2 and
for all q ∈ N (F ) F and i = 1, 2, 3, and that ξ 0 is tangent to the fibers of f N (F ) , where (x 1 , x 2 , x 3 ) are the usual coordinates of R 3 . Furthermore, we may assume that the ordered 4-tuple (ξ 0 , ξ 1 , ξ 2 , ξ 3 ) is coherent with the orientation of M . By Theorem 2.2, in order to construct a desired fold map on M , we have only to extend ξ 0 , ξ 1 , ξ 2 and ξ 3 to nowhere linearly dependent vector fields on M F . Set X = M Int N (F ) and let φ denote the framing of T X over ∂X = ∂N (F ) determined by (ξ 0 , ξ 1 , ξ 2 , ξ 3 ). Note that φ can be regarded as a stable framing of the oriented 3-manifold ∂X. Let d(φ) ∈ Z denote its degree (for details, see [18] ).
Let 
Proof. Recall that the degree of the stable framing φ j i is defined to be the degree of the map ν By the above lemma together with the additivity of the degree, we have
where the third equality follows from our assumption (1) (see [18, Theorem 2.2] for the property of the degree with respect to the orientation reversal). of T M over M (2) F such that for each 2-simplex σ of M with σ ∩ F = ∅, the trivialization over ∂σ corresponds to the generator of π 1 (SO(4)) ∼ = Z/2Z when compared with a trivialization which extends through σ. On the other hand, the ordered 4-tuple of vector fields (ξ 0 , ξ 1 , ξ 2 , ξ 3 ) gives a trivialization of T M over M (2) ∩ (N (F ) F ) . By the construction, we see that for each 2-simplex σ of M with σ ∩ F = ∅, this also corresponds to the generator of π 1 (SO(4) ). This means that the stable framing φ over ∂X is compatible with a spin structure on X.
Then, in the above situation, the stable framing φ on ∂X extends through X if and only if the relative Pontrjagin number p 1 (X, φ) ∈ H 4 (X, ∂X; Z) ∼ = Z vanishes (for details, see [18, Lemma 2.3] ). Hence, in order to prove our theorem, we have only to prove
Note that ∂X is oriented as the boundary of X. Let h(φ) ∈ Z denote the Hirzebruch defect of the stable framing φ of ∂X (for details, see [18] ). In our situation, we have h(φ) = p 1 (X, φ) − 3σ(X), where σ(X) denotes the signature of the oriented 4-manifold X. (Recall that h(φ) depends only on the stable framing φ on ∂X and not on a particular choice of an oriented 4-manifold bounded by ∂X.) By the additivity of the Hirzebruch defect, we have Proof. Let π : E → Σ be the oriented S 1 -bundle of Euler number e ∈ Z over a closed connected oriented surface Σ. Let us consider an immersion η : Σ → R 3 . Since its normal bundle is trivial, by pulling back the standard framing of R 3 by η • π, we obtain a stable framing of E, φ = (ξ 0 , ξ 1 , ξ 2 , ξ 3 ), such that ξ 0 is tangent to the fibers of π. Let π : E → Σ be the oriented D 2 -bundle associated with the oriented S 1 -bundle π : E → Σ. In order to prove Lemma 3.4 (1), we have only to prove that p 1 ( E, φ) = e.
By the very definition, we have where (T E) C is the complexification of the real tangent bundle T E of E, φ C is the complexification of the 3-field (ξ 1 , ξ 2 , ξ 3 ) over the boundary ∂ E = E, and c 2 denotes the second Chern class which coincides with the obstruction to finding a complex 3-field on (T E) C over E extending φ C . Note that we have canonically π 3 (U (4)/U (1)) ∼ = π 3 (SU (4)) ∼ = Z (for details, see [18] ). 
2 are 0-, 1-and 2-handles respectively.
Taking the dual decomposition, we have 
). Let us continue to denote the extended vector fields by ξ 1 , ξ 2 and ξ 3 respectively. Note that then ξ 0 can also be extended so that (ξ 0 , ξ 1 , ξ 2 , ξ 3 ) gives a section of the associated SU (4)-bundle.
Let us consider a trivialization of (T E) C over h
more precisely, we take a trivialization which respects the isomorphism (T E)
Since π i (SU (4)/SU (2)) = 0 for i ≤ 3, we may assume that (ξ 2 , ξ 3 ) gives the trivialization of p * 2 (T h 0 ) C over the boundary of h 4 by changing φ by a homotopy. We may further assume that (ξ 0 , ξ 1 
with respect to our trivialization, where p 1 is the projection to the first factor and R L is the right multiplication by the matrix
In particular, (ξ 0 , ξ 1 ) is SO (2)-equivariant in the sense that
Let ϕ be the attaching map of the dual 4-handle h 4 . Recall that p 1 ( E, φ) coincides with −1 times the obstruction in question by (3.3) . Hence, in order to prove Lemma 3.4 (1), we have only to show that the framing
over ∂ h 4 corresponds to −e ∈ Z with respect to the natural isomorphism
where we use our trivialization of (T E) C over h 4 for identifying the framing (3.4) with a map into SU (4). Note that ∂ h
, where we identify D 2 with the unit disk in C, and ∂h 0 with the unit circle in C. By the above construction,
where we identify
and only if they lie on ∂D 2 × S 1 and u = u . We have only to show that Φ corresponds to −e ∈ Z with respect to the natural isomorphism π 3 (SU (4)) ∼ = Z.
Since π 3 (SU (4)) is abelian, the contribution from that part of ∂h 0 where the 1-handles h 1 j are attached is zero. Thus we have only to consider the contribution from the "twist" by e. Since π 2 (SU (4)) vanishes, we see that the homotopy class of Φ does not depend on the choice of the map Φ|(D 2 × 1), 1 ∈ S 1 ⊂ C, or equivalently, on the extension of (ξ 0 , ξ 1 , ξ 2 , ξ 3 ) over the fiber π −1 (x 0 ) for a point x 0 ∈ ∂h 0 . Hence we may assume that
and I 2 is the 2 × 2 identity matrix. Note that Φ(r exp ( √ −1 θ), 1) does not depend on θ for r = 0 and hence it is well-defined. Then for τ ∈ [0, 2π], we have
Then it is not difficult to see that the map
has degree e, where we identify S 3 with the unit sphere of C 2 . Hence Φ corresponds
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to −e times the natural generator of π 3 (SU (4)) (for the sign, see Remark 3.5 below). This completes the proof of Lemma 3.4 (1).
Remark 3.5. As explained carefully in [18, §1] , the natural generator σ of
is constructed by using an identification of C 2 with the quaternions H as follows: σ(q) = qx, for q ∈ S 3 ⊂ H and x ∈ C 2 = H. However, for σ to induce a unitary action, the vector (x 1 , x 2 ) ∈ C 2 must be identified with the quaternion u + jv rather than u + vj. Hence, the map S 3 → S 3 defined by the first column vector of σ has degree −1.
Let us now prove Lemma 3.4 (2). When F j 1 is orientable, the result follows from an argument similar to the above, since the 
On the other hand, by the proof of (1), we have
This completes the proof of Lemma 3.4.
Let us return to the proof of Theorem 3.1. Let e j 0 denote the self-intersection number of F j 0 in M , and n + (resp. n − ) the number of e j 0 's which are positive (resp. negative). By the above lemma together with (3.2), we have
On the other hand, by the definition of the Hirzebruch defect, we have
Furthermore, by the Novikov additivity, we have
Hence we have
By the Hirzebruch signature theorem, we have 3σ(M ) = p 1 (M), [M] , and hence (3.1) holds. This completes the proof of Theorem 3.1.
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O. Saeki CMH Remark 3.6. In the above argument, if we are given a fold map f : M → R 3 , then for F = S(f ) and f N (F ) = f |N (F ), we clearly have p 1 (X, φ) = 0. Hence item (5) of Theorem 3.1 follows from (3.1).
Remark 3.7. By using a formula of Rohlin [25] and Guillou-Marin [14] , Sakuma [35] has shown that for a fold map f :
This is nothing but the modulo four reduction of our formula of Theorem 3.1
by the Hirzebruch signature theorem. In fact, the formula in (5)
has been generalized for general dimensions in [24] .
Constructing a desired embedded surface
In this section, we prove the following. intersection form of M is isomorphic to ±I 2 , we must have m 2 + n 2 = 6 for some integers m and n, which is impossible again. Thus the above intersection forms do not appear, either. 
Proof. We may assume that m ≥ n. Let us list explicit solutions for certain values of (m, n) as follows: Then we can easily construct explicit solutions for all the remaining values of (m, n) combining the above solutions.
Case 2. When I M is of even type. By the theory of unimodular bilinear forms [22] together with a theorem of Donaldson [9] , I M is the zero form or is isomorphic to mE 8 ⊕ nU with m ∈ Z and n > 0, where 
Note that E 8 is unimodular of even type with signature 8. Here, for m < 0, mE 8 denotes the direct sum of |m| copies of −E 8 . Let   {α 11 , . . . , α 18 , . . . , α m1 , . . . , α m8 , β 11 , β 12 , . . . , β n1 , β n2 } be the corresponding basis of H 2 (M ; Z)/ Tor H 2 (M ; Z). Then the following lemma can easily be checked.
Lemma 4.4. The elementξ
Hence, in both cases, an element ξ ∈ H 2 (M ; Z) representinḡ
satisfies the property as in (3). 
, we see that ξ · η ≡ 0 (mod 2). Let F ξ and F η be connected oriented surfaces embedded in M which represent ξ and η respectively. Such surfaces do exist by [38] . We may assume that F ξ and F η are in general position and intersect at an even number of points p 1 connects p 2i−1 and p 2i . Let T i , i = 1, . . . , k, be the D 2 -bundle over A i which is the restriction of the normal disk bundle of F ξ embedded in M . We may assume that the union of the fibers over the end points of A i coincide with F η ∩ T i . Let F η be the surface obtained by smoothing
where C i is the boundary S 1 -bundle over A i associated with T i . Note that F η is an embedded surface which may possibly be non-orientable such that F ξ ∩ F η = ∅ and F η represents the modulo two reduction of η in H 2 (M ; Z/2Z). In particular,
Furthermore, since (ξ +η)·(ξ +η) ≡ σ(M ) (mod 8) (see [22] ) and ξ ·ξ = 3σ(M) by our assumption, we have η · η ≡ 0 (mod 2). Hence F η · F η is even. Then by taking the connected sum of F η with a suitable closed connected non-orientable surface embedded in D 4 ⊂ M , we may assume that
provided that H 1 (M ; Z) = 0 (see [25, 14, 21, 42] Note that if a given fold map f satisfies S 0 (f ) = ∅ or S 1 (f ) = ∅, then we can easily modify it homotopically to obtain another fold map whose corresponding sets are nonempty. Therefore, combining Theorems 3.1 and 4.1, we obtain Theorem 1.1 in §1. [26] , the author showed that if a closed orientable 4-manifold has the integral homology of CP 2 , then it cannot admit a fold map into R 3 , by using Sakuma's result mentioned in Remark 3.7 (for another proof, see [2] ).
O. Saeki CMH
This result was extended to 4-manifolds M with dim Z/2Z H 2 (M ; Z/2Z) = 1 by Sakuma [37] , who used Yamada's quadratic form on 4-manifolds [42] . Note that dim Z/2Z H 2 (M ; Z/2Z) = 1 if and only if H 2 (M ; Z) is isomorphic to the direct sum of Z and an odd torsion by the universal coefficient theorem. Thus, our result is a generalization of these two, and gives a complete answer to the existence problem of fold maps on closed orientable 4-manifolds. (Note that Sakuma [36] had conjectured that closed orientable 4-manifolds of odd Euler characteristics cannot admit a fold map into R 3 (see also [16, 34] ). Our result shows that the conjecture is false.) (2) In [24] , it has been shown that the self-intersection class of the singular set -which can be considered as a variant of a Thom polynomial -coincides with p 1 (M ) for a fold map M → R 3 of a closed orientable 4-manifold M . (As has been seen above, this also follows from our proof of Theorem 3.1.) Hence, Theorem 1.1 can be interpreted as follows: there exists a fold map M → R 3 if and only if there are no obstructions coming from the Thom polynomials. Compare this with the result obtained in [32] about stable maps between 4-manifolds (see also Remark 4.13 below).
(3) When the result mentioned above for homology CP 2 was obtained in [26] , the author had the impression that such a result should be peculiar to 4-dimensions, since we used a variant of the Rohlin theorem, which is peculiar to 4-dimensions. However, according to [24] , this is not true. In fact, in [24] , similar non-existence theorems are obtained for other dimensions as well.
As immediate corollaries to our main theorem, we have the following. 
